We present a precise lattice computation of pseudoscalar and vector heavy-light meson masses for heavy-quark masses ranging from the physical charm mass up to 4 times the physical b-quark mass. We employ the gauge configurations generated by the European and V cb , their precise determination on the lattice may eventually validate and improve the analyses based on fits to the semileptonic moments.
I. INTRODUCTION
The precise determination of the Cabibbo-Kobayashi-Maskawa (CKM) matrix element V cb is crucial for testing the Standard Model (SM) predictions for the rare decays driven by the charged current b → c transition and in the quest for new physics effects. The information on the CKM entry V cb can be obtained from both inclusive and exclusive semileptonic B-meson decays. In the first case the Operator Product Expansion (OPE) is usually adopted to describe the nonperturbative hadronic physics in terms of few parameters that can be extracted from experimental data on inclusive B → X c ν decays together with the CKM element V cb (see, e.g., Ref. [1, 2] and therein). In the second case the relevant hadronic inputs are the semileptonic form factors describing the B → D * (D) ν decays. The latter are computed using non-perturbative methods, like lattice QCD (LQCD) simulations. As is well known, there is a long-standing tension of about 3 standard deviations between the values of V cb obtained from inclusive or exclusive semileptonic B-meson decays [3] , although new evidence suggests that part of this discrepancy may be due to the way the experimental data have been analysed [4] .
The aim of this work is to address the lattice determination of some of the parameters appearing in the OPE analysis of the inclusive B-meson decays. Indeed, the same parameters (or combinations thereof) also appear as coefficients of the Heavy Quark Expansion (HQE) for the pseudoscalar (PS) and vector (V) heavy-light meson masses. So far, only the charmed and beauty mesons masses, M D ( * ) and M B ( * ) , could be used to constrain the HQE parameters, and the convergence of the HQE is certainly questionable in the first case. Moreover, only two points are insufficient to determine the coefficients of the HQE for the meson masses with useful precision: they could be pinned down in a much more effective way if one had the meson masses corresponding to heavy quarks with mass between the physical charm and b-quark masses [5] , m c and m b , or even above m b . In this work we employ LQCD as a virtual laboratory to compute these meson masses with good accuracy.
We have performed a precise lattice computation of PS and V meson masses for heavy-quark masses ranging from the physical charm mass up to 4 times the physical b-quark mass, using the gauge configurations generated by the European Twisted Mass Collaboration (ETMC) with N f = 2 + 1 + 1 dynamical quarks at three values of the lattice spacing (a 0.062, 0.082 and 0.089 fm) and with pion masses in the range M π 210 − 450 MeV.
Heavy-quark masses are simulated directly on the lattice up to 3 times the physical charm mass. The interpolation to the physical b-quark mass is obtained by adopting the ETMC ratio method [6] , based on ratios of (spin-averaged) meson masses computed at nearby heavy-quark masses. At variance with previous applications of the ETMC ratio method to B-physics [6] [7] [8] [9] , in this work we will adopt the heavy-quark mass defined in the kinetic scheme [10, 11] instead of the pole mass. The reason is that the kinetic mass is a short-distance mass free from the main renormalon ambiguities plaguing the pole mass [10] [11] [12] [13] [14] . This makes the choice of the kinetic scheme quite attractive for the analysis of inclusive B-meson decay data [15] . The extrapolation to the physical pion mass and to the continuum limit yields m kin b (1 GeV) = 4.61 (20) GeV in agreement with the results of the OPE analysis of the inclusive semileptonic B-meson decays [1, 2] . Our result corresponds to m b (m b ) = 4.26 (18) GeV in the M S scheme, which is in agreement with the findings of Ref. [9] as well with other lattice determinations (see, e.g., Ref. [16] ).
Then, the ETMC ratio method is applied above the physical b-quark mass to provide heavylight meson masses towards the static point. The lattice data are analyzed in terms of HQE, taking into account the anomalous dimension and the radiative corrections up to order O(α 2 s ) for the chromomagnetic operator [17] [18] [19] . The matrix elements of dimension-4 and dimension-5 operators, for which radiative corrections are known up to order O(α 2 s ), are extracted with a good precision, namely: 
The data allows to estimate also the size of two combinations of the matrix elements of dimension-6 operators, for which radiative corrections are not yet available, namely: 
All the above HQE parameters, as well as the physical c-and b-quark masses, are highly correlated.
Therefore the full covariance matrix is provided (see, later on, Tables IV-V). Our results (1) (2) (3) (4) (5) , which are specific to the kinetic scheme, represent the first unquenched lattice determinations of the HQE parameters.
Ours is not the first attempt to extract the HQE parameters from the lattice. In the past Λ, µ 2 π and µ 2 G (m b ) have been estimated using quenched lattice QCD simulations [20] [21] [22] [23] . The lattice evaluations of Refs. [21, 22] were based on the subtraction of power divergencies generated by the mixing of the relevant operators with those of lower dimensionality. Instead, our approach is similar to the one adopted in Ref. [23] and, more recently, in Ref. [24] .
The paper is organized as follows. In section II we describe the simulation details. In section III we present the extraction of ground-state PS and V meson masses from the relevant two-point correlators. In section IV we describe the basic features of the ETMC ratio method. In section V we determine the b-quark mass in the kinetic scheme by analyzing the spin-averaged meson masses,
while in section VI we analyze the hyperfine mass splitting and determine the mass difference (M B * − M B ). In section VII we apply the ETMC ratio method to calculate the PS and V meson masses beyond the physical b-quark mass and we perform their analysis in the HQE. Finally, section VIII contains our conclusions.
II. SIMULATION DETAILS
The gauge ensembles used in this work have been generated by ETMC with N f = 2 + 1 + 1 dynamical quarks, which include in the sea, besides two light mass-degenerate quarks, also the strange and the charm quarks [25, 26] . The ensembles are the same adopted in Refs. [9, 27] to determine the up, down, strange, charm and bottom quark masses.
In the ETMC setup the Iwasaki action [28] for the gluons and the Wilson maximally twistedmass action [29] [30] [31] for the sea quarks are employed. Three values of the inverse bare lattice coupling β and different lattice volumes are considered, as it is shown in Table I , where the number of configurations analyzed (N cf g ) corresponds to a separation of 20 trajectories.
At each lattice spacing different values of the light sea quark mass are considered, and the light valence and sea quark masses are always taken to be degenerate, i.e. m sea = m val = m . In order to avoid the mixing of strange and charm quarks in the valence sector we adopt a non-unitary set up in which the valence strange and charm quarks are regularized as Osterwalder-Seiler fermions [32] , while the valence up and down quarks have the same action of the sea. Working at maximal twist such a setup guarantees an automatic O(a)-improvement [31, 33] . Quark masses are renormalized through the renormalization constant (RC) Z m = 1/Z P , computed non-perturbatively using the RI -MOM scheme (see Ref. [27] ).
We have simulated three values of the valence charm quark mass, which are needed to interpolate smoothly in the physical charm region. The valence quark masses are in the following ranges: [27] ). N cf g stands for the number of (uncorrelated) gauge configurations used in this work.
In Ref. [27] eight branches of the analysis were considered. They differ in:
• the continuum extrapolation adopting for the scale parameter either the Sommer parameter r 0 or the mass of a fictitious PS meson made up of strange(charm)-like quarks;
• the chiral extrapolation performed with fitting functions chosen to be either a polynomial expansion or a Chiral Perturbation Theory (ChPT) ansatz in the light-quark mass;
• the choice between the methods M1 and M2, which differ by O(a 2 ) effects, used to determine in the RI'-MOM scheme the mass RC Z m = 1/Z P .
In the present analysis we made use of the input parameters corresponding to each of the eight branches of Ref. [27] . The central values and the errors of the input parameters, evaluated using bootstrap samplings with O(100) events, are collected in 
III. EXTRACTION OF GROUND-STATE MESON MASSES
The ground-state mass of pseudoscalar (PS) and vector (V) mesons can be determined by studying the appropriate two-point correlation functions at large (Euclidean) time distances t from the source, viz.
where M P S(V ) is the PS(V) ground-state mass and t
P S(V ) min
stands for the minimum time distance at which the PS(V) ground state can be considered well isolated. In Eqs. . In what follows we will consider the quark q 1 to be either in the charm region or above, i.e. q 1 = c, h, while the quark q 2 is always taken to be a light quark with bare mass µ (see Table I ).
The PS(V) ground-state mass, M P S(V ) , can be determined from the plateau of the effective
The statistical accuracy of the meson correlators (6-7) can be significantly improved by the use of the "one-end" trick stochastic method [34, 35] , which employs spatial stochastic sources at a single time slice chosen randomly. Besides the use of local interpolating quark fields, in the case of charm or heavier quarks it is a common procedure to adopt also Gaussian-smeared interpolating quark fields [36] in order to suppress faster the contribution of the excited states, leading to an improved projection onto the ground state at relatively small time distances. For the values of the smearing parameters we set k G = 4 and N G = 30. In addition, we apply APE-smearing to the gauge links [37] in the interpolating fields with parameters α AP E = 0.5 and N AP E = 20.
We have implemented smeared fields both in the source and in the sink. We have therefore evaluated two-point correlation functions corresponding to the four possible combinations generated by using local/smeared fields at source/sink, namely C LL P S(V ) (t), C LS P S(V ) (t), C SL P S(V ) (t) and C SS P S(V ) (t), where L and S denote local and smeared operators, respectively.
For the whole set of charm and heavier quark masses shown in Table I , the SL correlation functions exhibit the best signal to noise ratio, as it is illustrated in Fig. 1 for a (c ) meson in the case of the gauge ensemble B55.32.
Thus, the SL correlators have been used to extract the ground-state masses from the plateau of the effective mass (8) in the range t
max . The stability of the extracted ground-state masses with respect to changes of both t P S(V ) min and t P S(V ) max has been studied and our choice of the values of t P S min = t V min = t min , t P S max and t V max in the charm sector is given in Table III . The quality of the plateaux of the effective mass (8) is illustrated in Fig. 2 for a series of both PS and V heavy-light (h ) mesons in the case of the gauge ensemble A40.32. It can be seen that the higher the heavy-quark mass the smaller the value adopted for t max , while the value chosen for t min is independent on the heavy-quark mass. (8), evaluated for heavy-light mesons with valence quark content (c ), using the SL correlators (i.e, smeared quark fields in the source and local ones in the sink) in the case of the ETMC gauge ensembles of Table I .
We have checked our determination of the ground-state masses M P S(V ) by employing an alternative method, namely the GEVP method of Ref. [38] , which is based on the simultaneous use of the four correlators C LL P S(V ) (t), C LS P S(V ) (t), C SL P S(V ) (t) and C SS P S(V ) (t). It turns out that the GEVP method provides ground-state masses in nice agreement with those determined directly from the effective mass of the SL correlators with a slightly larger uncertainty. Finally we have also checked that the impact of increasing by two units the values adopted for t min in Table III on 
IV. THE ETMC RATIO METHOD
Since the lattice spacing of the ETMC gauge ensembles does not allow to simulate directly a b-quark on the lattice, the determination of quantities in the beauty sector requires alternative strategies. In this respect a very suitable method is represented by the ETMC ratio method, already applied in the N f = 2 framework [6] [7] [8] as well as in the N f = 2 + 1 + 1 case [9] to determine the mass of the b-quark, the leptonic decay constants and the bag parameters of B (s) mesons.
The ETMC ratio method consists in three main steps. The first one is the calculation of the observable of interest at heavy quark masses around the charm scale, for which relativistic simulations are reliable with well controlled discretisation errors. In the second step appropriate ratios of the observable are evaluated at increasing values of the heavy quark mass up to a scale of ≈ 3 times the charm quark mass (i.e. around 3 GeV). The crucial point is that the static limit of the ratios is exactly known from Heavy Quark Effective Theory (HQET) arguments. The final step of the computation is a smooth interpolation of the lattice data from the charm region to the infinite mass point, so that the value of the observable at the b-quark or B-meson mass can be determined.
The great computational advantage of the ratio method is that B-physics computations can be carried out using the same relativistic action setup with which the lighter quark computations are performed. Moreover an extra simulation at the static point limit is not necessary, while the exact information about it is automatically incorporated in the construction of the ratios of the observable. It should also be stressed that the use of ratios greatly helps in reducing the discretisation errors.
As already explained in the Introduction, we are interested in studying the heavy-quark mass dependence of the following meson mass combinations:
where m h = m kin h (µ sof t ) is the renormalized heavy-quark mass in the kinetic scheme [11] at a soft cutoff µ sof t , which is chosen to be equal to µ sof t = 1 GeV. For the sake of clarity, in what follows the renormalized quark mass in the M S scheme at a renormalization scale µ will be denoted by
At variance with previous applications of the ETMC ratio method, in this work we will adopt the heavy-quark mass m h defined in the kinetic scheme instead of the pole mass m pole h . The main reason is that the relation between the pole mass and the bare lattice masses µ h suffers in perturbation theory from infrared renormalon ambiguities of order O(Λ QCD ) [10] [11] [12] [13] [14] . By the same token also the HQE parameter Λ, measuring the difference between the heavy-hadron and heavy-quark masses, is affected by renormalon uncertainties and the same applies to other HQE parameters. The kinetic mass m h offers a solution to the above problem by subtracting from the pole mass its infrared sensitive part [11, 39] , leading to a short-distance mass and to HQE parameters free from renormalon ambiguities.
The relation between the simulated bare heavy-quark mass aµ h (see Table I ) and the kinetic mass m h can be obtained in three steps. First, using the values of the lattice spacing and of the RC Z P from Table II, one gets
Then the perturbative scale can be evolved from µ = 2 GeV to the value µ = m h using N 3 LO perturbation theory [40] with four quark flavors (n = 4) and Λ N f =4 QCD = 297(8) MeV [3] , obtaining in this way m h (m h ). Finally, the relation between the kinetic mass m h and the M S mass m h (m h ) is known up to two loops [15] , namely
where x ≡ µ sof t /m h (m h ), β 0 = (33 − 2n )/12 and ζ 3 1.20206. We remind the reader that in the limit µ sof t → 0 the kinetic mass m h coincides with the heavy-quark pole mass m pole h . Between the charm and bottom scales the ratio m h /m h (m h ) varies in the range 0.8 − 1.1 and may be subject to important higher-order corrections. In Section VII we will take into account the ensuing theoretical uncertainty. Even within the present O(α 2 s ) accuracy the uncertainty in the determination of m h can be decreased by optimizing the choice of the M S scale in Eq. (11): we leave this for future improvements.
V. DETERMINATION OF THE b-QUARK MASS
We start by applying the ratio method to the quantity M av ( m h ) (see Eq. (9)). To this end we construct a sequence of heavy-quark masses m (n) h such that every two successive quark masses have a common fixed ratio λ, i.e. for n = 2, 3, ...
The series of masses starts at the physical charm quark mass m Table I ). The lattice data for M av ( m c ) depend on the (renormalized) light-quark mass m and on the lattice spacing a. They can be safely extrapolated to the physical pion mass (see m phys ud in Table II ) and to the continuum limit using a simple, combined linear fit in both m and a 2 (thanks to the automatic O(a)-improvement of our lattice setup), as shown in Table II ) in the continuum limit.
in Table I ).
Then, we construct the following ratios
with n = 2, 3, .... The advantage of considering the ratios (14) is that discretization effects are suppressed even at the largest simulated value of the heavy-quark mass, as it is nicely illustrated in Fig. 4 .
Each of the ratios y M ( m (n)
h , λ) is therefore extrapolated to the physical pion mass and to the continuum limit using again a combined linear fit in both m and a 2 , obtaining a value which will be denoted hereafter by y M ( m (n) h , λ). We have checked the possible impact of few systematics in the chiral and continuum limit extrapolations by considering either the inclusion of a quadratic term in the light-quark mass or the exclusion of the data at the coarsest lattice spacing (β = 1.90). In both cases the differences of the extrapolated values y M ( m (n) h , λ) are within the statistical uncertainties. In the static limit m h → ∞ the HQE predicts 
h , λ) and y M ( m
h , λ), obtained at the physical light-quark mass m phys ud (see Table II ) in the continuum limit.
which implies lim m h →∞ y M ( m h , λ) = 1 for any value of λ. Thus the m h -dependence of y M can be described as a series expansion in terms of 1/ m h , namely
where the coefficients 1,2 may depend upon λ. The lattice data for the ratio y M ( m h , λ) are shown in Fig. 5 as a function of the inverse heavy-quark mass 1/ m h . It can be seen that a linear fit, i.e. Eq. (16) with 2 = 0, is sufficient to fit the data taking into account the correlations between the lattice points. For each of the eight branches of the analysis (see Table II ) the correlation matrix is constructed and the corresponding correlated χ 2 variable is minimized. The quality of the fit (16) with 2 = 0 is illustrated in Fig. 5 .
Finally, the chain equation 
where the systematic error comes from the eight branches of the input parameters of Table II . (10) GeV given in Ref. [9] and consistent with other lattice determinations within one standard deviation (see, e.g., the FLAG review [16] ). The analysis of Ref. [9] shares the same ETMC gauge ensembles, but it differs in: i) the use of the heavy-quark running mass m h (2 GeV) instead of the kinetic mass m h , ii) a different definition of the ratios (14), and iii) the use of the experimental values of B-and B s -meson masses instead of the spin-averaged B-meson mass to determine the b-quark mass.
Before closing the section we stress that the correlation ρ between the determination (18) and the input value of the charm mass is 100%, viz.
VI. ANALYSIS OF THE HYPERFINE MESON MASS SPLITTING
In this Section we apply the ratio method to the hyperfine meson mass splitting ∆M ( m h ) (see Eq. (10)).
As in the case of the spin-averaged meson mass M av ( m c ), for each gauge ensemble the quantity ∆M ( m c ) at the triggering point m c is computed by interpolating the results corresponding to the subset of the bare quark masses in the charm region (see aµ c in Table I ). Then the lattice data for ∆M av ( m c ) are safely extrapolated to the physical pion mass and to the continuum limit using a combined linear fit in both m and a 2 , as illustrated in Fig. 6 .
At the physical pion mass in the continuum limit we get ∆M phys ( m c ) = 140 ( (see Table II ) in the continuum limit.
Analogously, for each gauge ensemble the quantities ∆M ( m (n)
h ) with n = 2, 3, ... are evaluated by interpolating the results corresponding to the subset of the bare heavy-quark masses (see aµ h in Table I ). We now consider the following ratios
where c G ( m h , m b ) is the short-distance Wilson coefficient that multiplies the matrix element of the HQET chromomagnetic operator renormalized in the M S scheme at the scale of the physical b-quark mass through a multiplicative RC,
with h v being the field describing a heavy quark inside a hadron moving with velocity v. Note that the ratio (20) is independent of the reference scale of the physical b-quark mass (see later Eq. (24)).
The coefficient c G is given by the product of three factors
where c G matches the HQE chromomagnetic operator with the corresponding one in QCD, R represents its running in the M S scheme and the factor m h /m pole h is introduced to cancel the pole mass from the contribution of the chromomagnetic operator to the hyperfine splitting, improving in this way the convergence of the perturbative expansion. An alternative method to achieve that has been presented in Refs. [17, 18] .
The conversion coefficient c G is known up to three loops in terms of α s (m pole h ) [19] . At two loops and in terms of α s (m h ) one gets
The evolution factor R is given by
with
and
In Eq. (26) the parameters β i and γ i (i = 0, 1, 2) are respectively the loop coefficients of the QCD β function and of the anomalous dimension γ CM O of the chromomagnetic operator, namely
and [19] 
Moreover, from Eq. (12) one has
Introducing the variablex ≡ µ sof t / m h = x m h / m h and taking into account that the values of the coupling constant α s at the two scales m h and m h differ by terms of order O(α 3 s ) one finally obtains
The behavior of the coefficient c G , calculated at orders O(α s ) and O(α 2 s ), is shown in Fig. 7 in the case of the kinetic and pole-mass schemes, i.e. Eq. (34) with x = 0 and x = 0, respectively. It The ratios (20) are extrapolated to the physical pion mass and to the continuum limit using a combined linear fit in both m and a 2 , as shown in Fig. 8 , obtaining a value which will be denoted hereafter by y ∆M ( m (n) h , λ). In the static limit m h → ∞ the HQE predicts
The HQE constraint (35) implies lim m h →∞ y ∆M ( m h , λ) = 1 for any value of λ. Thus the m hdependence of y ∆M can be described as a series expansion in terms of 1/ m h , namely
where the coefficients ∆ 1,2 may depend upon λ. The lattice data for the ratio y ∆M ( m h , λ) are shown in Fig. 9 as a function of the inverse heavy-quark mass 1/ m h . As in the case of the spinaveraged ratios, a linear fitting function can be applied to the lattice data taking into account the Before closing the Section, we stress that throughout this work we have adopted four quark flavors (n = 4) and Λ N f =4 QCD = 297(8) MeV [3] also above the physical b-quark mass (18) . This is done mainly for consistency with the ETMC gauge ensembles used in this work and with the analyses of Ref. [27] , in which all the input parameters of Table II have been determined.
VII. DETERMINATION OF THE HQE EXPANSION PARAMETERS
The chain equation (17), as well as the analogous one in terms of the ratios (20) , can be easily extended beyond the physical b-quark point using the fitting functions (16) with ∆ 2 = 0. In the case of the spin-averaged meson mass one obtains
where m (n) h = λ n−1 m c , while for the hyperfine meson mass splitting one gets
For values of n > K + 1 Eqs. (37) (38) provide V and PS heavy-meson masses beyond the physical b-quark point. In the static limit Eq. (37) implies
The HQE predicts that Z ∞ should be equal to unity. Numerically we find Z ∞ = 1.023 ± 0.027, which is well consistent with unity, but introduces a ≈ 3% uncertainty in the static limit. In order to implement the exact condition Z ∞ = 1, for each bootstrap event we divide Eq. (37) by the definition (39) obtaining
We have evaluated Eqs. (40) and (38) Neglecting the effects of dimension-7 operators, the HQE expansion of the heavy-meson masses reads as [5] 
where Λ is the so-called heavy-quark binding energy, µ 2 π is the matrix element of the kinetic energy operator and the parameters ρ 3 i (i = D, ππ, S, πG, A, LS) are the matrix elements of the relevant local and non-local operators of dimension-6. From now on it is understood that all the HQE parameters appearing in Eqs. (41) (42) are given in the kinetic scheme at the normalization point µ sof t , chosen to be equal to 1 GeV.
Taking into account the correlation matrix between the lattice data shown in Figs. 10 and 11 , the HQE fits (41) and (42) yield
The quality of the HQE fits is shown in Figs. 10 and 11 by the dashed (central values) and solid (one standard deviation) lines. We stress the remarkable precision obtained for the determinations of Λ ( 2.4%), µ 2 π ( 4.8%), (ρ 3 D − ρ 3 ππ − ρ 3 S ) ( 6.9%) and µ 2 G ( m b ) ( 8.0%), while the quantity (ρ 3 πG + ρ 3 A − ρ 3 LS ) has a larger uncertainty ( 42%). The HQE fits (41) (42) contain all the terms generated by effective operators up to dimension-6, and in what follows we will refer to the fits (41) (42) as the "dimension-6" fit. We have tried also to include the possible contributions arising from operators of dimension-7, which means that a quartic term has to be added to Eq. (41) and a quadratic one to Eq. (42), viz.
We obtain
It can be seen that the values of the HQE parameters related to operators up to dimension-6 are found to be consistent between the "dimension-6" and "dimension-7" fits. In particular the results (50), (51) and (54) of the "dimension-7" fit confirm nicely both the central values and the uncertainties (43) , (44) and (46) of the "dimension-6" fit. The result (55) is consistent with the corresponding one (45) within a larger uncertainty and, finally, the terms (53) and (56) coming from dimension-7 operators are found to be almost consistent with zero.
Note that:
• Eqs. (44), (46) and Eqs. (51), (54) imply (µ 2 π − µ 2 G ) = 0.064(19) GeV 2 for the "dimension-6" fit and (µ 2 π − µ 2 G ) = 0.072(22) GeV 2 for the "dimension-7" fit. These findings represent a deviation from the so-called BPS limit µ 2 π = µ 2 G [42] . The deviation is equal to ≈ 20 − 25% of the kinetic energy term;
• Eqs. (45), (47) and Eqs. (52), (55) imply ρ 3 ππ + ρ 3 S + ρ 3 πG + ρ 3 A = ρ 3 D + ρ 3 LS − 0.317(65) GeV 3 (0.306(86) GeV 3 ) for the "dimension-6" ("dimension-7") fit. Since the sum ρ 3 ππ + ρ 3 S + ρ 3 πG + ρ 3 A is always positive definite [5] , it follows that ρ 3 D +ρ 3 LS ≥ 0.317(65) GeV 3 (0.306(86) GeV 3 ) for the "dimension-6" ("dimension-7") fit. These results show a very sizeable deviation from the BPS limit ρ 3 D + ρ 3 LS = 0 at the level of ≈ 4.9 (3.6) standard deviations.
The correlations among the b-quark mass and the HQE parameters of the "dimension-6" and "dimension-7" fits are summarized in Tables IV and V, respectively. The correlations can be taken easily into account by using our bootstrap samplings, which are available upon request. From Table IV it can be seen that the spin-averaged parameters Λ, µ 2 π and (ρ 3 D − ρ 3 ππ − ρ 3 S ) and, separately, the hyperfine ones µ 2 G and (ρ 3 πG + ρ 3 A − ρ 3 LS ) are strongly correlated or anti-correlated among themselves. Moreover, since our bootstrap sampling takes into account the correlations between the input parameters of Table II, correlations (see Table V ) appear to be milder than the corresponding ones of the "dimension-6" fit.
As a further consistency check, we have repeated our analysis in the case of the heavy-quark mass dependence of the quantity M 2 V − M 2 P S , using the experimental value M 2 D * − M 2 D at the triggering point. The corresponding data are shown in Fig. 12 and the HQE expansion reads as [5] 
Taking into account the correlation matrix between the lattice data, the HQE fit (57) (see the solid and dashed lines in Fig. 12 ) yields
It can be seen that the result (58) for µ 2 G ( m b ) is consistent with the corresponding one given in Eq. (54). Using the findings (50) for Λ and (58) for µ 2 G ( m b ), Eq. (59) implies
which is compatible with the result (55) within the uncertainties.
The results (43) (44) (45) (46) (47) It can be seen that the parameters Λ, µ 2 π and µ 2 G ( m b ) (i.e., the matrix elements of operators up to dimension-5) are almost totally insensitive to the range of heavy-quark masses considered, whereas the dimension-6 parameters ρ 3 D − ρ 3 ππ − ρ 3 S and ρ 3 πG + ρ 3 A − ρ 3 LS are only marginally sensitive to the presence of data in the charm region (i.e., consistency within one standard deviation).
In order to obtain our final determinations of the HQE parameters we perform the average of the results corresponding to the "dimension-6" and "dimension-7" fits as well as to the "dimension-6" fit with the range of the heavy-quark masses limited to m h ≥ 2 m c (see third column of Table VI ).
The average and the corresponding uncertainty are evaluated according to Eq. (28) of Ref. [27] . 
where () conv indicates the errors generated by the uncertainty in the conversion from the M S scheme to the kinetic one at the charm mass. The reduction of this source of uncertainty will certainly deserve future investigations.
Before closing this Section, we want to comment briefly on the relation between our results and those obtained in recent analyses of the inclusive semileptonic B-meson decays [1, 2] .
We start by warning the reader that in this work µ 2 π and µ 2 G (m b ) refer to asymptotic matrix elements, i.e. matrix elements of asymptotically heavy mesons, while the inclusive semileptonic fits are sensitive to the matrix elements of the same operators in the physical B-meson. The relations between the two concepts are
It should also be kept in mind that the semileptonic fits are not very sensitive to µ 2 G (m b ) and ρ 3 LS , which are mostly determined by loose constraints based on heavy quark sum rules. In particular
GeV 2 is applied in Refs. [1, 2] . As a first application of our results we can check their consistency with this constraint. The values µ 2 π | B = 0.432(68) GeV 2 and µ 2 π | B = 0.465(68) GeV 2 were found in Refs. [1, 2] , respectively, which differ only for the inclusion of higher-order power corrections. Comparing these values with our final result (65), it follows that the combination ρ 3 ππ + Despite the large errors, there is a clear indication that the constraint employed in the semileptonic fits is adequate. We also note that the large values taken by some of the non-local matrix elements are consistent with the observations made in Ref. [5] . A detailed discussion of our results in the context of the heavy quark sum rules and in particular of the zero recoil sum rule is postponed to a future publication.
Of course, in order to employ our results in other observables, like the inclusive semileptonic decay rates of the B-meson, it is necessary that all the matrix elements are defined as short distance quantities, not affected by renormalons. As is well known, the OPE of the inclusive semileptonic B-meson decay rate predicts [43] that the corrections to the free-quark decay rate are suppressed by two powers of the b-quark mass and can be parameterized in terms of the HQE matrix elements µ 2 π and µ 2 G (m b ). In terms of the heavy-quark pole mass the radiative corrections to the free-quark decay rate are plagued by renormalons, which however are cancelled out when the pole mass is replaced in favor of a short-distance heavy-quark mass [12, 44] . This is a crucial feature for the OPE analysis of the inclusive semileptonic B-meson decays, since the appearance of renormalons in the radiative corrections of the leading-order decay rate may signal the presence of non-perturbative corrections in the inverse heavy-quark mass, that cannot be parameterized using the same HQE matrix elements µ 2 π and µ 2 G (m b ) extracted from the analysis of heavy-meson masses. In principle, the kinetic scheme is designed to achieve precisely that.
VIII. CONCLUSIONS
We have presented a precise lattice computation of pseudoscalar and vector heavy-light meson masses for heavy-quark masses ranging from the physical charm mass up to 4 times the physical b-quark mass, adopting the gauge configurations generated by the European Twisted Mass Collaboration (ETMC) with N f = 2 + 1 + 1 dynamical quarks at three values of the lattice spacing (a 0.062, 0.082, 0.089 fm) with pion masses in the range M π 210 − 450 MeV. The heavy-quark mass has been simulated directly on the lattice up to 3 times the physical charm mass. The interpolation to the physical b-quark mass has been performed using the ETMC ratio method, based on ratios of the spin-averaged meson masses computed at nearby heavy-quark masses.
The kinetic mass scheme has been adopted in order to work with a short-distance mass free from renormalon ambiguites (also often used in the analysis of the inclusive semileptonic B-meson 
The data has allowed also to estimate the size of two combinations of the matrix elements of dimension-6 operators, namely: 
All the above HQE parameters, as well as the physical c-and b-quark masses, are found to be highly correlated and therefore the full covariance matrix has been provided (see Tables IV-V) .
We stress that our results (71-75), which are specific to the kinetic scheme, represent the first unquenched lattice determinations of the HQE parameters.
The extracted dimension-5 and dimension-6 HQE parameters play a crucial role in the OPE analysis of the inclusive semileptonic B-meson decays relevant for the determination of the CKM entries V ub and V cb . Our findings may help validating and possibly improving the inclusive determination of these fundamental parameters of the Standard Model.
